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Numerical solution of mildly nonlinear two-point boundary value problems by

means of Galerkin's method

by

M. Bakker

ABSTRACT

This paper deals with the numerical solution of certain classes of even-
order, self-adjoint, positive-definite, mildly nonlinear two-point boundary
value problems, such as those analyzed by CIARLET, SCHULTZ & VARGA [1967].
The solution of the problems is approximated by piecewise polynomials of de-
gree k which are m-1 times differentiable (2m being the order of the boundary
value problem). If h is the mesh width of the trial space Sh” then it is
proved that the numerical solution has a global error of order hk+1_2,

2 =0,...,m, and at the grid points the first m—1 derivatives have a local

error of order h2(k+1—m)

. In two ways this is an extension of the results

reported by DOUGLAS & DUPONT [1972,1974]:

(i) We prove that those results also hold for certain nonlinear problems.

(ii) For linear, and certain nonlinear, self-adjoint, positive~definite
boundary value problems of order 2m, we prove that superconvergence

generally holds for derivatives up to order m-1.

KEY WORDS & PHRASES: Galerkin's method, mildly nonlinear boundary value

problems, superconvergence.







1. INTRODUCTION

In this paper we begin by studying a numerical method for solving the

nonlinear boundary value problem:

- d dy
(1.1) Ny = - = (p(x)dx) + £(x,y) = 0, x € [a,b] = I,
(1.2) y(a) = y(b) = 0,
where p and f are supposed to be sufficiently differentiable and
p(x) = pO >0, x € I.

The solution of (1.1)-(1.2) belongs to the space Hé(I) n HZ(I), with

H (1)

j 2 .
{v I plv e L (I), j=0,...,m},

Hé(I) {v|ve H](I), v(a) = v(b) = 0},

where DJ stands for dJ/de.

In the space Hm(I) we define the Sobolev inner product and Sobolev norm

by:
m N .
(u,v)m = (u,v)Hm(I) = jzo (03u,plv),
Tul = lul = /(u,u) ,
m Hm(I) m

(.,.) being the inner product in LZ(I).
Since the solution y of (1.1)~(1.2) also satisfies the weak Galerkin

form (with £(.,y): I - R meaning £(x,y(x))):
(1.3)  (ey'w')+ (£(,y),» =0, we H (D,

it is reasonable to suppose that y can be approximated in a subspace of

1
HO(I).

DEFINITION 1.1 Let Pk(E) denote the set of polynomials of degree not greater

than k restricted to the interval EcI. Let 7: a = Xg < Ky < e <Xy = b be




a partition of I with
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(1.4) Ij =

Further we assume that 7 is quasi-uniform, i.e. h. > Ch, where C is a con-
stant independent of h and M. Then we define the space of kth degree piece-

wise polynomials by
1 .
(1.5) 8, ={w | we H(D), we P(I)s § = 1,...,M},

In the following sections we will show how the solution of (1.1)-(1.2)
can be approximated in Sh and under what conditions. Throughout this paper
C, CI’ C2, C', etc. will denote generic constants which will not be equal
and 6, 6", 61, 62, etc. will be continuous functions of x on I, not neces-
sarily equal and bounded between -1 and +1.

We conclude this introduction with a lemma which we shall need through-

out this paper.

LEMMA 1.1 (Poincaré's inequality). Let w ¢ Hé(I); then

A

hal < ¢ Ipwl,

A

hwl ) < ¢ Ipwl,

A

Hw"o <cC ﬂw"l,

where I.I_ denotes the supremum norm on 1.

PROOF

X
() | |f Lew' (£)dt ]

a

IA

fard Lo 2 0
{f dt}® {f [w'(t)1” dt}? (Cauchy-Schwartz)
a a

IA

v(b-a) - ﬁDwﬁo, xel,




hich proves the first inequality; the other inequalities can be proved from

he first one. [J

. BACKGROUND MATERIAL

In this section we mention some properties of the operator N defined
y (1.1) which play an important role in the uniqueness of the solution of
1.1)-(1.2). A great deal of this section is derived from CIARLET, SCHULTZ
VARGA [1967].

EFINITION 2.1 The operator N defined by (1.1) is said to be strictly mono-
one if for any y,z € Hé(I) n HZ(I) the inequality

2.1) (Ny-Nz,y-z) =2 C Hy-z"?

olds. (This definition is a particular case of strict monotonicity as de-

ined in CIARLET, SCHULTZ & VARGA [1969].)

Next we define, for p(x) 2 Py > 0,
2.2) A= ing  {RDw.DW)
1 I wll
weHo(I),w¢0 0

One can easily recognize that A is the smallest eigenvalue of the oper-
tor -D(pD.). acting on Hé(I) n HZ(I). By expanding w(x) into its Fourier

eries, we obtain

T 2

lw't? _ a
B b-a’ °*

P, (
Il 2 0

Azp inf
0
wsHO(I)

EMMA 2.1 Let vy > -\, where A is defined by (2.2); then for any w € Hé(I)
2.3) Il = () + v}

s a norm equivalent to ﬂwﬂl.




’ROOF We distinguish two cases: y < 0 and y = 0.

(i) y = 0:

]

(pw',w'") + y(w,w)

v

v

In the other hand

2.4) [(pw',w') + y(w,w)]|

C2 max("pﬂw,y),

hich proves the lemma for y 2>

ii) y < 0: since y > =A,
y(w,w) > —(pw',w'),
his implies that there exists

y(w,w) = —a(pw',w’)

(pw',w') + y(w,w) =

v

1e rest of the lemma is proved by application of (2.4).

IEOREM 2.1

bpw',w') + y(w,w) + $(pw',w")
dpg(w',w') + (y+iA) (w,w)

min(ipg,v+4) uwuf =C uwu]z.

1

2
<C, ﬂw"l,

W e Hé(I).
an o, 0 < a < 1, such that

> =(pw',w').

Fpw',w') + dy(w,w) + f(pw',w') + Ly(w,w)
F(asy) Bl g+ 4(1-a) (pu’ ")
F(A+y) ﬁwﬁg + %(l—a)po ﬂw'ﬂg

4 min(A+y,(1—a)p0) ﬁwﬂ?.

g

Let f(x,y) be partially differentiable in x and y and satisfy




f(xsyl) - f(xiyZ)

] 2
(2.5) — 2y, V.Y, € H (I) n H°(I),
Y, Yy 1°72 0

with vy > =N, where N is defined by (2.2); then the operator
(1.1) acting on Hé(I) n HZ(I) 18 strictly monotone.

PROOF By means of partial integration, one obtains

(Nyl'Nyz,yl-yz) = (p(y]-yz)',(yl-yz)') + (£C,y,)

v

- 1 - ' -
(P(y;7y,) 5 (y7y,) ) + ¥(y,=y,s
from which the theorem is proved by application of Lemma 2.1

We now obtain

THEOREM 2.2 Let (1.1) admit a solution y and let f satisfy
(1) y 7s unique;
(ii) y strictly minimizes the functional
b 9 w(x)
(2.6) I[w] = J {p(X)[w'(x)]1” + 2 j f(x,t) dt} dx
a a

over the space Hé(I);

(il y uniquely satisfies the weak Galerkin form
2.7)  (y'w") + (EC,y),w) = 0, w e Hy(D.

PROOF (See also CIARLET et al. [19671]).

(i) Suppose z is a second solution and € = y-z # 0. Then af

Theorem 2.1 we get
2
0 = (Ny-Nz,e) 2 C Hsﬂl > 0

which is a contradiction.

(ii) Set e(x) = w(x)-y(xX), W ¢ Hé(l); then

ned by

9) Y 7Y,)

then

plying




I[w] - I[y] =
b ) y(x)+e(x)
= j (p(x)[e'(x)]” + 2p(x)e'(X)y'(x) + 2 f f(x,t)dt} dx
a y(x)
b 9 y(x)+e(x)
= f (p(x)[e"(x)1” - 2f(x,y)e(x) + 2 f f(x,t)dt} dx
a y(x)
b 2 y(x)+e(x)
= f {(p(x)[e"(x)]" + 2 f [£(x,t)-f(x,y)]ldt} dx
a y(x)
b 2 y(x)+e(x)
2 J {p(x)[e'"(x)]1” + 2 f y(t-y)dt} dx
a y(x)

o

Y[e(x)]z} dx

+

[ {p(x)[e’ (X)]

c neuf > 0.

v

So

Iyl < Iwl, Ve H) (D).

If there is another z ¢ Hé(I) which minimizes I[w] then
2
0 =1I[yl-1[z]l=>cC ﬂy-z"l,

from which it follows that y =

@id This has already been proved by partial integration of (Ny,w). [J

Now, since we have proved that y minimizes the functional I[w] over
H (I) we may expect that y can be approximated by a functlonyS which mini-
mizes I[w] over a finite dimensional subspace S of HI(I), just as is the
case when N is a linear operator. We call this approximation method the

Rayleigh-Ritz-Galerkin method.

THEOREM 2.3 Let S be a finite dimensional subspace of H (I). Then there
18 a unique Yyg €S which strictly minimizes I[w] over S. Thts Vg satisfies
the weak Galerkin form




(pyg.wg) + (f(.,ys),ws) = 0, wg € S.

PROOF See SCHULTZ [1973]. [

In the next section we apply Theorem 2.3 to the space Sh as defined in

Section 1.

3., THE RAYLEIGH-RITZ-GALERKIN METHOD

In the previous section we have proved that the solution y of (1.1)-

(1.2) can be approximated by a unique Yy € S, which minimizes I[w] defined

h
by (2.6) over Sh’ provided that f(x,y) satisfies (2.5).

We first confine ourselves to the case that f(x,y) is linear iny, i.e.
f(x,y) = r(xX)y - s(x).
In this case (1.1)=(1.2) becomes

D - é%-(p(X)gi) + r(x)y = s(x), x e I,

y(a) = y(b) = 0.
[he weak Galerkin form (2.7) becomes
(3.2)  y'w) ¢ (yw) = (5w, v e Hy(D),
ind y strictly minimizes the functional
(3.3) Jwl = (pw',w') + (rw,w) - 2(s,w)

ver Hé(I).

[HEOREM 3.1 Let the space S
Pined by (1.5), and let y €

there 1s a unique Yy € S

hkoj’kth degree piecewise polynomials be de-
B (1) o Hé(l) be the solution of (3.1); then

h which strictly minimizes the functional Jlw], de-




ined by (3.3), over Sh’ provided r(x) 2 y > -A. This Y 18 uniquely deter-
ined by the weak Galerkin form '

3. 4) (pypowp) + (xyp W) = (s,w),  w e S
id has the following error bounds:

k+1-2
.5) ly-y, 1, < Ch Iyl , s

2k

1.6) |Y(Xi)'}'h(xi)| <Ch "Y"k_,,l, is= 0,...,M,

ere x, are the knots of the partition .

O0F The existence of a Yy which minimizes I[w] over Sh is proved by Theo-
m 2.3, which also states that Y1 satisfies (3.4). The error bound (3.5) is
oved in STRANG & FIX [1973]. The error bound (3.6) is proved by DOUGLAS &
PONT [1974] for r(x) = 0, but the proof can be extended to r(x) 2 vy > =\,

We now return to our problem (1.1)-(1.2). We can rewrite it as follows:

7 -unr e, X

oy Y Ty Y T b

e., we put it in the form (3.2) with

r(x) = %(x,y),
.8)

s(x) y%(x,y) - £(x,y).
2 unique solution of (3.7) is of course u(x) = y(x).

We now derive the error bounds for the function Yy, € Sh which minimizes
7] over Sh' To this end we study an auxiliary variational problem. This
chod has several analogies with a method used by RUSSELL [1974] to derive

ror bounds for the collocational solution of nonlinear boundary value prob-

is.




LEMMA 3.1 Let (1.1)-(1.2) have a solution y and let f(x,y) satisfy (2.5).
Let r(x) and s(x) be defined by (3.8). Let Sh be defined by (1I'.5). Then

there 1s a unique u, € S, which strictly minimizes the functional J[w], de-

h h
fined by (3.3), over Sy This Uy 18 uniquely determined by the weak Galerkin
form
(3.9) (pu!,u!) + Go(e,yu ,w) = Go(,y)y-£(,5),u), W e S
° h’h ay 9 h’h ay" 'SY?hs h h,

and has the following error bounds:

k=2

IA

| v—
Iy uhﬂ2 Ch K+]?

(3.10)

IN

2k .
ly(xi)—uh(xi)l Ch "y"k+l’ i=20,1,...,M.

PROOF Direct application of Theorem 3.1 to problem (3.7). [
We now obtain

THEOREM 3.2 Let (1.1)-(1.2) have a solution y and let f(x,y) be twice par-
tially differentiable in x and y and satisfy (2.5). Let S, be defined by
(1.5) and let Yy € Sh be the unique element which strictly minimizes the
functional I[w] defined by (2.6) over Sh, i.e. the solution of the weak

Galerkin form
= [ -
(3.11) BQ(yh,Wh) = (Pyh,Wh) + (f(. ’yh) swh) 0, wh € S, .

Then Yh has the following error bounds:

k+1-2
Iyl ,

IA

Ch

P
i
(]
-
.

Iy,
(3.12)

IN

2k .
lyh(xi)—y(xi)l Ch "yﬂk+l, 1= Oylgua.,M.

PROOF We apply the quasibilinear operator B, defined by (3.11) to the solu-

Q

= yus then, for all w, ¢ Sh9 we get after

tion u. of (3.9). If we put ey Y

application of (3.9)




1v

(3.13) BQ(uh’Wh) = (Pul_'l,wt'l) + (£(. ’uh) ’Wh)

= (eh "g—;(-,}') + f(':uh) = f('sy)swh)

_ of _of
= (eh[g}j(‘ ,}’) ay(' ,Y"'eeh)],wh)

2 azf

= - —— ]
( eeh ayz(.,y+e eh),wh).

But we also have

BQ(uh,wh) Q(u h) - BQ(yh,wh)

= (p(uﬂ-yg),Wﬁ) + (f(-,uh)-f(-,yh),wh)-

So, if we set w, = u

h Gh, we obtain after application of Lemma 2.1:

hh "

- ' oet of
(3.14) Q(u 8) = (péh,ﬁh) + (5;(-.yh+65 )Gh §)

2
7
2 (P8],6) + v(8,,8,) 2 C bs 17

If we combine (3.13) and (3.14), then we have:

2 2 3%
(3.15) C Hdhﬂl < IBQ(uh,sh)l < l(—eeh ;—5(.,y+6'eh),6h)l
22%s ’ 2 L
< H—;—ﬂ l(eh,|6 )] < (b-a) M Hehﬂo ﬂdhﬂl (Poincaré).

From (3.15) and (3.10) we get

2 2k+2 2
(3.16a) Hahﬂ] <cC Hehﬂo <Ch Iy Hk+]
Poincaré's inequality gives
s 1 <c a2 g2
(3.16b) "o  2k+2 g+1
<Ch Iyl

8, G k1
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From (3.16) we get

k+1-2 2 2k+2
ly-y, I, < ly=u @, + lu -yl <c Iyl b +c, Iyl n™"e,
(3.17)
ly(xi)-yh(xi)l < ly(xi)-uh(xi)l + Iéh(xi)!
2k 2k+2 2
<c hlyl +Cyh Iyl , s

which proves the theorem. [J

4, QUADRATURE RULES

Let Yy € S, be the solution of (3.11). If we represent Yy by

h

I o~Mm 2

yh(x) = qj ¢j(x)9

j=1

T , .
then the vector (ql,...,q )" is given by the

where {¢j}?=] is a basis of S N

h?
nonlinear system
N

N
4. 1) ng(p¢i’¢j)qj + (f(-,

i1 qj¢j),¢i) =0, i=1,...,N,
In order to solve (4.1) iteratively one has to evaluate the inner products
(p¢i,¢5) and (f(-,j= qj¢j),¢i), HERBOLD & VARGA [1970] suggest toNevaluate
(p¢i,¢3) exactly and to use an interpolatory quadrature for (f(°,jZ] qj¢j)’¢i)
but they leave unsolved the problem how to evaluate (P¢£,¢;). We, therefore,
evaluate a method for approximating both inner products, which leaves the

error bounds from §3 unchanged. This method was developed by DOUGLAS &
DUPONT [1974].

4.1. Linear boundary value problems

We study the boundary value problem (3.1) where r(x) 2 vy > -A,
A defined by (2.2), Let 7 : a = Xg < Xp < ees < x0T b be a partition of I
with mesh width h. Let S, be the space of k-~th degree piecewise polynomials.

h
We now introduce an approximation of (,) in the following way.




12
Let

S
(4.2) Q) = ] w, £(ny), s 21,
=1

be an approximation of fé f(x) dx which is exact if f is a polynomial of

degree less than 2k, Let W, >0, 2 =1,...,8, and 0 < My <Ny < ees < S
We define
gj,l = XJ._] + hj rlzs j = ],...’M; L = 1,...,8;
v 2
(403) <a,8>j = hj Z wl a(gj Q)B(Ej 2’)’ a’B € L (Ij)’ j = ]’..-’M;
2:] b 5
M

I
t~—

<o, B> <a,3>j,

=1
Clearly, <a,B> is equal to (a,B) if o*B ¢ P2k—l(Ij)’ j=1,...,M, If not,

then the error <a B> - (a,B) is proportional to

M
) h?k[DZk(aB)]

. x=£. interior(I.)’
=1 €J € ( J)

THEOREM 4.1 Let <-,+> be defined by (4.3) and let p(x), r(x) and s(x)
sufficiently smooth, p(x) 2 Py > 0, r(x) 2 v > -\, A defined by (2.2); then
for sufficiently small h the modified weak Galerkin form

(4.4) <pUﬂ,wﬁ> + <rUh,wh> = <s,w, >, w, € S
has a wnique solution Uh' The following bounds exist for the difference
between Uh and the solution of (3.5)

hk+l-£

“y-UhHR = 0( Iyl

k)
(4.5)
2k

e
I

IY(xi)—Uh(xl), O0(h u}’qu), 05...5M.
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PROOF DOUGLAS & DUPONT [1974] gave a proof for r(x) = 0, but it can also be

proved for r(x) =2 y > =\ after application of lemmas 2.1 and 4.1. [J

4,2, The nonlinear boundary value problem

We will apply theorem 4.1 to obtain similar error bounds for the non—
linear case. As in §3 we use the linearized boundary value problem (in

Galerkin form)
of of
(4.6) (pu',w') + (Goww) = (v 5= = £(,y),W), W € Hy(D),

as an auxiliary problem. In order to obtain the error bounds wanted we have

to prove a few technical lemmas.

LEMMA 4.1 Let y > -A, A defined by (2.2) and let <o,B> be an approximation
to (a,B) which is exact 1f aB € P2k—1(1j)’ Then for sufficiently small h

> + Y<wW. ,wh>}£

* _ '
"wh"Y = {<pw ,wh

s a norm on S, equivalent to “Wh“l'

PROOF We know by lemma 2 1 that ﬂw H is a norm equivalent to Hw H We now
compare "w H and (ﬂw f ) and, therefore, estimate the dlfferences
(4.8) (pwﬁ,wﬂ) - <pwh,wﬁ> and (wh,wh) = <W V>
M
. | I N LI B (I | - i =
(a); (puy ,wp) = <pw!,w)> jzl[(pwh,wh)lj <pwy ¥y >3]

th((p—p e T B R
M
* z p- [(Wh,wh)I - <wh,w > 1=

=1 i

521[((P—pj)wﬁ’wﬁ)lj = <(pmpydwp v >

where pj denotes the average value of p(x) on Ij' Since on Ij
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-p.| < h.|p' < h,lp'l
Ip(x) pJI < hjlp @1 = hJ P,

we get
M
- ] 4 ¥ \ =
| (pwyswp) = <puf,wp>| < .§ h.ip'l, {wh’wh)Ij t o>l
= 7 1 2 ] 2
2hllp I Hwhuo < 2nlp'l "whﬂ].
2k N 2k, 2
(b); (wh’wh) - <wh,wh> = 0(h .Z (D (wh)]x=£- € I.) =
J=1 ] ]
9 M
= o(n%¥ Z [D* w e, ¢ 1.0 = 0! JIokw 12y =
j=1 i J i=1 h]
M M
= om®* ! ¥ Iy J2 = om ] had ) = otalw 1%,
j=1 Bk (1 ) j=1 H (Ij)
So

l(pwﬁ,wﬂ) + y(wh,wh) - <pwé,wﬂ> - y<wh,wh>l <

THE T 2 2
¢, nlp'l_ w14+ c bl 17 < cg hilw 014,

IA

from which we can prove the lemma. []

LEMMA 4.2 For any u,v ¢ Hé(I)

(4.9) I<u,v>| s (oma)lul Ivl < (b-a)?hul Ivi,
M s
PROOF |<u,v>| = |j£ hj zgl v, u(g )v(aJ Dl =
P on I b
< h. wolu(g, DIIv(E. )] < h. w “u"m"V"w =
j=1 J 2=1 'Qf J’Q' J,,Q, j=1 J R,=]
M s 2
=Hal 0ol 7 b, J w, o= (b-a)lul Ivl < (b-a)2lul Uyl . [
B = B = c" bl

LEMMA 4.3 Let p(x) = Py > 0, 3f/3y 2 y > =A. Then the weak modified
Galerkin form

(4.10) <th,wh> + <f Yh,wh> = <yfy - f(e,y),w, >, W € Sh,
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has a unique solution Yy, with the error bounds

‘ - k+l-2
Iy, -yl = 0(h SAPWR

(4.11)

[ N
]

2k
th(xi) Y(Xi)l 0(h "yﬁ2k) ) 0,1,...,M,
PROOF Follows immediately from theorem 4.1 with r(x) = 3f/3y(x,y) and

S(x) =y 3f/oy ~ £(x,y). 0O

THEOREM 4.2 Let p(x) 2 p, > 0, £ 2y > =\, Then, for sufficiently small
i 0 y

h, the nonlinear modified Galerkin form

(4.12) <pzé,wﬁ> + <f(',zh),wh> = 0, W € Sh’

has a wnique solution z, € Sy which differs from the solution y of

(1.1)=-(1.2) by the following bounds

k=24

IA

I y—zh" . Ch 2K’

(4.13)

IA

2k .
I(y—zh)(xi)l Ch "y“2k 5 i=20,...,M,
PROOF The same method is used by which theorem 3.2 was proved plus the
technical lemmas from this section. Let yh be the solution of (4.10) and

put €y =Y T Yo Gh =z, T Yy Then analogue to (3.13) we get

2
9 f 2
|<pyﬂ,w£> + <f(-,yh),wh>‘ = |<-G;;§(w9y+evgh)€h,wh>| <
2
2%f 2 2 v 02
< ﬂ;;iﬂm |<€h9wh>| < C "Ehum Hwhum < C ﬂehulﬂwh"}.

But also, if we put w,_ = Gh, then after application of lemma 2.1, we obtain

h

<pyﬁ’6é> + <f(”yh)95h> =

(4.15) = <pwﬂ,6é> + <f(°9yh),sh> - <ng§5h> - <f(°zh)96h> =
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<POp8L> + <E(eyw) - £(ez;),8 > 2

v

<p6',6£> + y<8, ,6,> > cﬂahﬂf.

h’"h

Combination of (4.14) and (4.15) gives after application of (4.11)

A

2 2
Hshlll < Cﬂehﬂlﬂﬁh"] :
(4.16a)

2ky 02

yi'e

IA

2
Is, 1, < cle IT < c n®*iyl

From (4.16a) we get, applying Poincaré's inequality

2k 2
HGhHO <Ch "y"2k’
(4.16b)
2k 2
léh(x)l < Ch ﬂyHZk,

whence we can prove (4.13).

The uniqueness can be proven from lemma 4.1. []

4.3. Lobatto quadrature

Now that we have proved that the use of a sufficiently accurate quadra-
ture does not change the order of accuracy of Galerkin's method, let us give
some examples of such quadratures. A well-known example is the k-point
Gauss-Legendre quadrature which integrates polynomials of degree less than
2k exactly. We want, however, to spend special attention to another kind of
quadrature with the same order of accuracy, namely k+1 - point Lobatto

quadrature (see also HEMKER [1975] and ABRAMOWITZ [19641). It is given by

k
Q(f) = ) w, £(n,);
K 20 &M
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where t, are the zeros of Pi(t) on {(~1,+1), Pk(t) being the k-th Legendre

polynomial. The weights w, are uniquely determined by the requirement that

L

k i
Y w, £(n,) = [ £(x) dx,
im0 b )

whenever £ is a polynomial of degree less than 2k. We give Lobatto points

and weights for k = 1,2,3.

k = 1 (trapezoidal rule);

= = = = = -l— = -2-°
no - O’ n] = %3 n2 !9 WO wz 6’ w2 39
k = 3;
-0 5-/5 _ 5+/5 -
no ? T'Il ]0 2 nz ]O 3 TI3 ?
o "3~ T2 Y1~ Y27 17

The great advantage of Lobatto quadrature is that we can let the
points gj . coincide with the nodal points of Sy (see also HEMKER [1975]):
3

any member of S_ is entirely determined by the values at the points gj

h A
In the next section we will derive an efficient algorithm to solve (4.12)

using Lobatto quadrature.

5. SOLUTION OF THE NONLINEAR SYSTEM

In this section we derive an algorithm to solve (4.12) using Lobatto

quadrature.

5.1. The nonlinear system

Let 7 ¢ a=Xy < Xy < ... <X = b be a quasiuniform partition of [a,b].
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We renumber the knots x, as follows: XO’ xk, x2k...,ka. We n?w define the

interior mesh points Xjk+2 as follows:

(5.1) Xjk+2 = xjk + hj+1 n, = €j+1,2’ 3 =0,0..,M1; 2 =1,...,k-1,
. . kM-1 .

We now define a basis {¢j(x)}j=l of S, by the requirement

(5.2) ¢i(xj) = Gi,j’ 1 <i,j < kM1,

Now, if we fill in ¢i in (4.12), we get

<pzt'1,¢i> * <£(,2.),4,> = 0, i=1,...,Mk~1.

But, since

M k
<f("zh)’¢i> = ng h, go Wl(gj,l’zl(gjsl))(bi(gjyl)’

)

we get after application of (5.1) and (5.2)
<f("zh),¢i> = Wi f(xiszh(xi))’

where W, is a constant weight determined by

w(j—l)k+2 = hj ) s J=1,000,M5 2= 1,...,k-1;

(]

W i=1,.00.,M1,

(hj-bhj_])wo,

Now, if we represent zh(x) by

kM- ]
2,(x) = ]

551 qj ¢j(x)s

then (q],qz,...,qu_l)T is determined by the nonlinear system

(5.3) Aq + F(Q) = o,

where
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(W
]

15 = <Pi01> i, = 1,eee,kM1;

]
I
e
i

Wi f(xi,qi), = ],oow,l(M_ln

5.3) is iteratively solved by means of the Newton—Raphson method (see e.g.

JRTEGA & RHEINBOLD [1970]):

3 @@ gy o g™ L F5@™), a-o,..,
'5.4)
- af (n)
In = (@ W 8. 55 (%.957)).

’his method converges quadratically to the solution of (5.3) provided that

3(0)-3" is small enough.

Since ¢i(x) vanishes outside the segment to which 3 belongs, the

i1atrix A has the following structure:

. %
1 o
k xk 0
A
o Ly T T T T
bo(k+l)
| |
I x(k+1) o
F_
: i
'5.5) !
rATTTIITR
s o ¢
I (k+1)x l:
' )
CGer)
'_*______:_*;'_l *
T 4
0 Fkox ko
! .
[ .
_ R

jince the Jacobian of (5.3) is only nonlinear in the main diagonal, updating
»f J can be done very easily. Iteration scheme (5.4) can be performed by
ubroutines using symmetric band matrices.

In the following sections we will discuss the questions how acurrately

5.3) should be solved and how to find initial guess for (5.4).




.2. Solution strategy

Since the solution of (5.3) is itself an approximation of the solution

£ (1.1)-(1.2), which is of 0(h®) if i = O(mod k) and of 0(X*!) otherwise

t has no sense to solve (5.3) more accurately. At the other hand, since the
>proximation error itself is not known, it is hard to decide whether or not

1e iteration is to be stopped. We first prove the following

IMMA 5.1 Let Zy € S be an initial guess for the solution z, of (4.12);
1en the sequence of functions {ZO’ZI""’Zn""} € S defined by

PZpypoVy ¥ <'%S'f"("zn)zml"’1'3 =
3.6)
= <2£( Z)Z - £(.,Z),v,> v, € S
3y "’"n’"n "n’?"h” * 'n h

mverges qaudratically to z, provided Vz -2zl Z& small enough.

\OOF If one substitutes ¢i(x) in (5.6), one obtains scheme (5.4) which
nverges quadratically if "zh—ZoﬂO is amall emough. [J

We now outline the following strategy (see also Russell):

) Take an initial guess for ZO;

i) Iteration scheme (5.6) is performed for piecewise linear functionms,
i.e. k = 1, until two subsequent iterates have a sufficiently small
difference, say at n = I;
.i) if k = 1, the process has been finished;
if k > 1, then one can use ZI as an initial guess for scheme (5.6) or
o - 2 is of 0(a?),
iteration scheme (5.4) has to be performed once if k = 2 and twice if

k = 3 or 4, in order to obtain the error bound (4.13).

(5.4) by interpolating at the interior knots; since z

4. Work estimate

In this section we briefly report how much work it costs to solve (5.3)

means of the Newton-Raphson method. We follow the strategy described in
2.
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At the beginning the matrix A = (p¢ ,¢ ) has to be evaluated for k =1,
which costs M + 1 evaluations of p(x). Then iteration scheme (5 4) is per-

formed I times. The cost of each iteration is

(i) updating of the Jacobian and the righthand side which costs M + 1 eva-
luations of f(x,y) and %é(x,y).
(ii) solution of an (M-!)-dimensional linear system with a symmetric positive

definite tridiagonal matrix.

After an initial guess has been obtained this way, the matrix A = ((p¢£,¢l))
has to be reevaluated for k > 1. This costs (k—=1)M extra evaluations of p(x).
One now has to perform scheme (5.4) once if k = 2 and twice if k = 3 or 4.

The cost of each iteration 1is

(i) kM - 1 evaluations of f(x,y) and kM - 1 evaluations of %%{x,y);
(ii) the solution of a (kM-1) dimensional linear system with a positive de-

finite (2k+1)-diagonal matrix of the form (5.5).

If k = 2, the solution of the 5-diagonal system can be simplified by elimi-
nating the components with odd index beforehand. This so called static con-

densation is made possible by the special structure of the Jacobian.

All together the amount of work needed for the Galerkin solution of
(1.1) = (1.2) 1is

(1) kM + 1 evaluations of p(x);
(ii) I times the solution of an (M-1)-dimensional tridiagonal linear system;
(iii) I (M+1) + Ik(kM+l) evaluations of f(x,y) and %;(x,y), with I1 = 0,
I, = 1, I3 = I4 = 23
(iv) I, times the solution of a (kM-1) dimensional linear system with (2k+1)-

diagonal matrix of the form (5.5).

6. GENERALIZATIONS

In this chapter a few generalizations of problem (1.1) - (1.2) are

sketchily discussed.

BIBLIOTHEEK MATHEMATISCH CENTRUR
——AMSTERDAM ——r
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6.1. The nonsymmetric case

In the previous sections the righthand side was expressed in x and y
only. As a result the Jacobian matrix of the nonlinear system (5.6) was

symmetric. We now study the problem

y'(x) = f(x,y(x),y" (%)), xel,
(6.1)
y(a) = y(b) = 0.

We suppose that f is sufficiently smooth in its three variables,

LEMMA 6.1 The nonlinear operator N defined by Ny = -y" + £(x,y,y') is

strictly monotone, i.e. (Ny-Nz,y-z) > cﬂy—zﬂ?, V52 € Hé(I), if

of d 2af
(6.2) -3—}7 - ia; -é—}-'-, 2y > A, X e I.
2
I Dwll
A= inf Dw 0 T (2

welly (1) wl2 " e

PROOF We put y -z =6, y, z € Hé(I). Then, after partial integration, one
obtains

(Ny-Nz, y-z) =

18" + (£C,3,5") = £(+,2,2"),6) =

2 of
HG'"O + (63;(-,y+66,y'+66'),6)

+ (8 '%}f?' ('9y+963y'+66'):5) =

2 of d of
ug'no + ([5; - QE; 8y,](e,y+e,a,y'+¢,6')6,6)

v

2 2 2
4
Is'lg + yloly > clel?,

The last inequality is proved by lemma 2.1. [J

By the same techniques used in §§2-4 one can prove that, provided (6.2)

holds, the respective Galerkin solutions of
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(6-3) (Y;IQWI;) + (f<°syh9y1;)swh) = 0, Wh € Sh;
and
(6.4) <zﬁ,wé> + <f(°,zh,zﬁ),wh> = 0, W € Sh

are unique and have the error bounds (3.6) - (3.7) and (4.5) respectively.
Furthermore, one can prove, using the techniques from §5 that the sequence

{2)52,,...} generated by

¥ v _a—f ® ¥ Bf ® v ¥ =
ZparVp” t Gy (222 5 a2 B2 DT W,
(6.5)
of of
By a2yt (022002 - £(,2 0,2 ) 0w >, Wy e Sy

converges quadratically to the solution of (6.4).

6.2. Higher order problems

In this section we want to show that the results from §§3-5 can be ex-
tended to higher order self-adjoint boundary value problems with pure
Dirichlet conditions. We therefore define the following 2m-th order self-

adjoint boundary value problem

m 2 L
Ly =) (‘1)2+1 £L£(p£(x)g—%) = f(x,y), x e [a,b] = 1I;
2=0 dx dx

(6.7)
) %
D”y(a) = D'y(b) =0, 2 = 0,...,m-1,

where pz(x) (2=0,...,m) are supposed to be sufficiently smooth and pm(x) >

> Dﬂ> 0.

The purpose of this section is to show that the properties of the
Galerkin approximation of the solution to (1.1) = (1.2) can be generalized

for m > 1. To this end we define
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m
B(u,v) = ) (p Dzu,DQV), u,v e HI(I);
2 0
2=0
(6.8) p= et Eiﬂigl ;
ueHO(I) ull
Ho(D) = {u]u ¢ B%(D) ;0%(a) = D*u(d) =0, £ =0,..., m - 1}

CIARLET et al. [1967] prove that the solution y of (6.7), if it exists,

strictly minimines the functional

b w(x)
(6.9) Iflw] = B(w,w) +2 J [ J f(x,t)dtldx
a a

! over Hg(I) and satisfies the weak Galerkin from
(6.10) By,w) + (£C,y),) = 0, w e HO(D).

At a given partition m : a = Xy < X; < .a.< X = b, we define the space

Sﬁ’m as follows

k,m _ m . .
h = {wh | W € HO(I), W € Pk(Ij)’ j 1,...,M}.

(6.11) S
One easily sees that k > 2m - 1. This space is a generalization of the
space Sh in the §§2-5. In the sequel we denote this space by Sk’m.
We now approximate y by minimizing I[w] over Sk’m, which approximation is
given by
(6.12) B(y, ,w ) + (£(s,y.),w) = 0, w e &0

h’"h >’h”’>"h ? h
In order to get error bounds foryh, we first confine ourselves to linear

boundary value problems, i.e. to problems of the form

Lu

-s(x), xel;

(6.13)

p'u(a) = D*ub) = 0, g = 0yevuym = 1.
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he Galerkin approximation w € Sk’m of u is given by the formula
\6'14) B(u-h’wh) = (S’Wh)

'HEOREM 6.1 Let u € Hk+l(I) n Hg(I) be the solution of (6.13) and let
€ Sk’m be the solution of (6.14). Let the symmetric bilinear operator

3 s Hg(l) x Hg(l) + R be bounded and strongly coercive, i.e.

[BCa,v)| < cylul IVl _; 6, v e BY(D;
6.15)

¢l < BGw,w) < Gl 5 w e H(D)

'hen (6.14) has a unique solution and the error function eh(x) = (u-uh)(x)

1as the following bounds

Ilehll2 < Ch ul, s

£ =0;...,m;

6.16)

wapd X = 0,ce.m= 15 =0, M- 1

Ip%e, (x.)| < ch?®H1™™
h™3
'ROOF: The uniqueness follows directly from the strong coercivity of B. The
irst error bound is proved in STRANG & FIX [1973]. In order to derive the
econd error bound, we introduce the Green's function of (6.13) (see also

OUGLAS & DUPONT [1974] and CODDINGTON & LEVINSON [19551), i.e. the unique

olution of

"Ly G(x,8) =0, Eel\ {x};

32,

_2 G(X,g) = Oa £ = a,b; & = 09 ,m = |
t13

(G(x,°),Lu) = u(x), u e Hg(I), x e I,




his Green's function has the following properties

i) e(x,+) € B2 Iy o (D) 5

ii) G(ng) = G(E,X), (ng) e I x1I;

ii1) Di G(x,*) € B a,x1 n B [x,b7 n HN(D, 1=0,.

Now since Di G(xj,') € Hk+][a,xj] n Hk+][xj,b] n Hg(I),

=0,...,m - I, this function can be approximated by a w, «

h
.see CIARLET & RAVIART [1972])

2 k+1-m, 2
IlDX G(xj, ) Wh"m < Ch IIDX G(xj, )IITr

sk+1
6.17) ) o )
el = z (Y . s 2 =0,1,
T j=1  H'(IL.)
J
ince for any u ¢ Hg(l) one can write
B(u, G(x,°)) = u(x),
A .
eh(xj) is represented by
D% (x.) = B(e,, D* G(x.,-)) =
h*™j ®h “x i’
_ 2 R k,m
= B(eh,wh) + B(eh,Dx G(xj, ) wh), Wy € S .

: follows from (6.15) and (6.17) that

L . L

. e I ) = w o<

|D eh(xJ)l e Clle I 1nfk,mHDx G(xJ, ) wl <cCi
thS

k+1-m,_2
* Ch HDX G(xJ.,-)llw’k+1

‘ 2 .
.nce llDx G(Xj’.)”ﬂ,k+] is bounded, the second error bound ha
roved [J.
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Now that superconvergence at the knots has been established for higher
order problems, it can be shown that the results of §§3-5 can be generalized

in the following ways.

THEOREM 6.2 (Generalization of theorem 4.1). Let <a,B>, defined by (4.2)

and (4.3) be an approximation of (a,B) which is exact if aB € P2k-2m+l(Ij)’

j=1,...,M. Then, ©f h is small enough, the weak Galerkin form
m
* 2 2
2=0
(6.18) R
5 3 h 3
has a unique solution z, and for the error function e, S U~z (u is the

solution of (6.13)) the error bounds (6.16) hold.

THEOREM 6.3 Let %;(x,y) >y > -\, A defined by (6.8). Then, both (6.10)
and (6.12) have a unique soltion y and Yho respectively. For the error

function e, =y - Y the bounds (6.16) hold.

h

THEOREM 6.4 . Let B*(z,,w, ) be defined by (6.13) and let §§<x,y> >y > -A.
Then, if h is small enough, the Galerkin form

* k,m
(6.19) B (zh,wh) + <f(-,zh),wh> =0, W € s’

has a unique solution with error bounds (6.16).

THEOREM 6.5 Let Zy € sEOm b an itnitial guess of the solution of (6.19)

and let the conditions of theorem 6.5 hold, then the sequence of functions
{zgs2¢s--- } generated by

* of -
B (Zpyr¥y) + gy (022 po¥y> =
(6.20)
of k,m
= <§§(~,Zn)zn - f(-,Zn),w >y W € s’

zonverges quadratically to the solution 2z, of (6.19), provided that UZO-Zh"

ts small enough.
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Since accurate proofs of these theorems would mainly co

i§3-5, we just outline them.

’ROOF of theorem 6.2 Analogue to DOUGLAS & DUPONT [1974] we

;h =u - z, (the solution of (6.14) and (6.18), respectivel

B(6,,6,) = lB(uh,cSh) - B(z,,8)| <
< [(s8) - <s,6,>| + [B(2,,6,) - B(z.,6))],

rom which it can be proved that ﬂdhﬂ = o(hk+1'm)
roved that lldhllg = O(hk+l_£), for &

hat HGhll2 < Chuah"2+l’ 2 =0,...,m~-1,

and hence

0,...,m=1., This is d«

The errors Dzﬁh(xj) at the knots xj are given by

2 2
|D Gh(xj)l = IB(Gh,DXG(xj,=))| =

L
|B(6h,DXG(xj,-)-wh) + B(8,,w) | <

L
< IB(Gh’DXG(Xj s ')—Wh) l
+ [ (syw) - <s,w>|
+

IB*(zh,wh) - B(zh,wh)l.

ytmdngwhsudxdmt

L L k+1-m
"DxG(xj’ ) wh“m < C"Dxc(xj’ )".ﬂ,k+l h ,

1e obtains the error bounds (6.16), since one can prove that

2(k+1-m) .
:rm are of order h (see also DOUGLAS & DUPONT [1974°

00F of theorem 6.3 One can prove that for any u,v e Hg(l)

B(u-v,u-v) + (£(*,u) - £(°,v),u-v) 2 C“u—v"i

'1ds, which proves the uniqueness of the solutions of (6.10)

le error bounds (6.16) are obtained by comparing Y with the

of cog

. for

n be

provi

‘hree

equali

6.12).




solution u € Sk’m of

B(uh,wh) + (gé(',y)uh,wh) =

of k,m
= (3;('9Y)y - f("Y):Wh)s wh - s

which has the same error bounds (6.16) [.

PROOF of theorem 6.4 One can prove that if h is small enou
k

, M . . = -
LA A S the inequality (we set Gh u vh)

* 2
B (dh,sh) + <f(.,uh) - f(.,vh),5h> > cuahum,

holds, which proves the uniqueness. The error bounds (6.16)

by comparing z, with the solution u of the form

h

* of _
B (uy ,w) + <5§(‘,y)uh,wh> =

of k,m
= <5§('ay)y - f('aY)’W ) wh € S’ 5

which has the error bounds (6.16) [J.

PROOF of theorem 6.5 Let {¢i}i§1 be a basis of Sk’m. If we

A= (B*(¢i,¢j)) ;
N N
F= ((£C+, ] 9:6.),0,)).

j=p 473

29




30

his nonlinear system can be iteratively solved by the Newton-Raphson algo-
ithm (see ORTEGA et al.)

6.21) 3 @™y - g™ L FQ®) a-o,..

s

. . > . . >(0) >, .
hich converges quadratically to q provided the Euclidean norm lg -ql is
mall enough. If one applies (6.20) for ¢i’ i=1,...,N, one obtains (6.21).

- -
ince "Zo—zhﬂO is equivalent to the Euclidean vector norm Hq(o)-qﬂ, iteration

cheme (6.20) converges quadratically to zp if "Zo—zh" is small enough [J.

NUMERICAL EXAMPLES

In this paragraph we give three examples of nonlinear two—point boun-
ary value problems with Dirichlet boundary conditions. They were solved
1 a CDC CYBER 73/28 computer.

cample 1.

y(0) = y(1) = 0.

1is classical example (see e.g. CIARLET et al. [1967], DE BOOR & SWARTZ
1973] and WEISS [1974]) has the analytic solution

y(x) = 2 4n ————— 4 gn 2,
cos %{x—%)
".2)
c = 1.336055695.

In order to test the superconvergence at the knots we work as follows:

i) [0,1] is partitioned into 4, 8 and 16 segments Ij of equal length,
respectively;
i) for M = 4,8,16 and k = 1,2,3

we define

e M -, max |y(xi) - Zk,M(Xi)l’




here Z € S, 1s the solution of

k,M h
] 7 =
7.3) <Zk,M’wh> + <exp(Zk’M),wh> 0, W € Sh,
1,8> defined by (4.1)-(4.3).
a1 the following table we list the quantities
a) e, M k=1,2,3; M= 4,8,16 ;
2n(e e )
k,M/ "k,2M
3) rk,M = 2 é;z 2 s k=1,2,3 ; M=4,8 ;
since e £3 C(l)2k T should have the approximate value :
k,M M > "k,M

\BLE I; maximum errors and ratios for problem 1.

k =1 k= 2 k=3

b 5.0310—4 2.87]0—6 2.49]0-9
1.98 3.98 5.94

b

.8 1.2710—4 1.82]0-7 4.0410—11
1.99 3.99 6.09

8

., 16 3.1910-5 1.1410—8 5.9110—13

)r each value of M three iterations of scheme (5.4) were needed to
ie solution of (7.3) for k = 1,

This problem has been treated by several other authors.

1) CIARLET et alii [1967] solved (7.1) by minimizimg the function

1
I[w] = f([w'(x)]2 + 2ew(x))dx
0




nJ

ver the space Hé(I) n PN(I), i.e. the subspace of Hé(l) consisting of poly-
omials of degree not greater than N (N 2 2). This method gives for this

xample good results (e.g. a supremum error of 5.03l -8 for N = 6) but gene-

0
ally leads to ill-conditioned nonlinear systems.

») DE BOOR & SWARTZ [1973] solved (7.1) by collocation at sixth order
>batto points, using twice differentiable Hermite quintics. They used a
niform grid 7 : Xy <Kp <el< X For M = 4. they found (with A the collo-

ation solution):

._max Iy(xi)—x:(xi)| = 2.010—9,
1i=1,2,3
nich is about the same as e from table I.

3,4
z) WEISS [1974] applied collocation at sixth order Lobatto points to solve
1e problem
y' =z
{ z' = ey, xe I, y(0O) = y(1) = 0.

> also used a uniform grid. For M = 3 he found

_max Iy(xi)—yc(xi)| = 2.66
i=1,2

1072

1ich is also slightly greater than e fron table I.

3,4

ample 2.

é% ((l+ex)g§) = exp(y+Ax+B), x € [0,1] ;

y(0) = y(1) =0 ;
L4)

+
A= gn 159 , B = n2.

is problem has the analytic solution




(7.5) y = 2n(l+ex) - Ax - B

et m: 0 = xo < xl

€ Sh be the solution of

eee< X be a uniform partition of I for M = 4,

let Z

k,M
U v o = .
<kaJ4’wh> + <f( ’ZkJ4)’wh> o, Wy € Sh :
(7.6) p(x) = 1 + &%
f(x,y) = exp(y+Ax+B),
there <+,*> is defined by (4.1) - (4.3).
\s with problem 1, we list the quantities ek,M and rk&i'

ABLE II; maximum errors and ratios from problem 2.

k =1 k =2 =3
3k,4 1.7010—4 4.2910—7 .6410—11
:k,4 1.99 4.01 .00
3k,8 4.2810-5 2.68]0-8 .1910—12
K, 8 2.00 4.00 .25
3k,l6 1.0710-5 1.6710-9 .5710—14

'wo iterations of scheme (5.4) were needed to solve (7.6) for k =

Je to

ylem, no comparison with other problems was made.

(0) _
ok Zk,M = 0.

Since no numerical results were known from the literature for

33

ind

pro-
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xample
7.7)

he ana

as mad
k,2 by

7.8)

here <

1e resi

V. 2y" + (y)3 = - 12cos2x + sin6x, x e [0,7] 3

0) =y'(0) =y(n) =y'(m) = 0.

solution is y = sinzx. A uniform grid 0 = Xy Seee< Xy
M= 4,8,16. The solution of (7.7) was approximated in

olution Zk,M of

3
1" i 7 7 —
RV S VEL R VL

in6x—12c052x,w > W € Sk’2

s an approximation of (a,B) which is exact if oB EPZk-

To that end we use k-point Lobatto quadrature.

and I M Ve define for k = 3,4,5 and M = 4,8,16.

2

= v _ot = . =
M T, max |y ;) Ze w1 k=345 5 M
1=1,...,M-1
tn(e! /e )
k k,2
sM = 21’12 > 5 k = 3’4:5 H M = 4’8 M

re given in table III.

pace
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TABLE III; maximum errors and ratios of probieéem 3

k =3 k =4 k=5
.4 4.82, -3 2,92 =4 9.11,,-6
T 4.98 6.17 8.27
er 4 1.94, =2 114, =4 9.37,,76
T, 4.13 5.91 8.26
e 8 1.53, =4 4.04, =6 2.96,,-8
T8 4.33 6.04 9.17
.8 1.11,,-3 1.90,,-6 3.06,,-8
Ty g 4.03 5.99 9.02
.16 7.58,,76 6.15, ,-8 5.12,,~11
.16 6.76,,-5 2.99,,78 5.90, 4711
(0)

Starting with Z = 0 as an initial guess for the solution of (7.8) it

k,M
took four Newton-Raphson iteration steps to solve (7.8) for k = 3.

Since HZ3 M—yﬂo = 0(h4), only one further iteration step was needed to solve
3

(7.8) for k = 4,5, using Z as an initial guess. For k = 3 we used piece-

3,M k.2

wise Hermite cubics, as a basis for S . Each iteration step involved the

solution of a (2M-2)-dimensional linear system with positive definite penta-
diagonal matrix (see STRANG & FIX (19731).
Since no numerical results were known from the literature for this pro-

blem, no comparisons were made.
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